GRADED ANNIHILATORS OF MODULES OVER THE FROBENIUS SKEW 
POLYNOMIAL RING, AND TIGHT CLOSURE 



RODNEY Y. SHARP 

Abstract. This paper is concerned with the tight closure of an ideal a in a commutative Noethcrian 
local ring R of prime characteristic p. Several authors, including R. Fedder, K.-i. Watanabe, K. E. 
Smith, N. Hara and F. Enescu, have used the natural Frobenius action on the top local cohomology 
module of such an R to good effect in the study of tight closure, and this paper uses that device. The 
main part of the paper develops a theory of what are here called 'special annihilator submodules' of 
a left module over the Frobenius skew polynomial ring associated to R; this theory is then applied in 
the later sections of the paper to the top local cohomology module of R. and used to show that, if R 
is Cohen— Macaulay, then it must have a weak parameter test element, even if it is not excellent. 



0. Introduction 

Throughout the paper, R will denote a commutative Noetherian ring of prime characteristic p. We 
shall always denote by / : R — > R the Frobenius homomorphism, for which f(r) — r p for all r £ R. 
Let a be an ideal of R. The n-th Frobenius power a\ p 1 of a is the ideal of R generated by all p n -th 
powers of elements of o. 

We use R° to denote the complement in R of the union of the minimal prime ideals of R. An element 
r £ R belongs to the tight closure a* of a if and only if there exists c £ R° such that cr p £ a^ p > for all 
n ^> 0. We say that o is tightly closed precisely when a* = a. The theory of tight closure was invented 
by M. Hochster and C. Huneke JB], and many applications have been found for the theory: see ^01 an d 
[TT] . for example. 

In the case when R is local, several authors have used, as an aid to the study of tight closure, the 
natural Frobenius action on the top local cohomology module of R: see, for example, R. Fedder 0], 
Fedder and K.-i. Watanabe 0, K. E. Smith [T7j , N. Hara and Watanabe and F. Enescu 0. This 
device is employed in this paper. The natural Frobenius action provides the top local cohomology 
module of R with a natural structure as a left module over the skew polynomial ring R[x, f] associated 
to R and /. Sections Q] an d 01 develop a theory of what are here called 'special annihilator submodules' 
of a left R[x, /]-module H. To explain this concept, we need the definition of the graded annihilator 
gr-amifj^j] H of H. Now R[x, f] has a natural structure as a graded ring, and gr-ann^ j] H is defined 
to be the largest graded two-sided ideal of R[x, f] that annihilates H. On the other hand, for a graded 
two-sided ideal 03 of R[x, /], the annihilator o/ 03 in H is defined as 

anna 03 := {h £ H : 9h = for all 9 £ 03}. 

I say that an R[x, /]-submodule of H is a special annihilator submodule of H if it has the form ann# 03 
for some graded two-sided ideal 03 of R[x, /]. 

There is a natural bijective inclusion-reversing correspondence between the set of all special annihi- 
lator submodules of H and the set of all graded annihilators of submodules of H . A large part of this 
paper is concerned with exploration and exploitation of this correspondence. It is particularly satisfac- 
tory in the case where the left R[x, /]-module H is x-torsion-free, for then it turns out that the set of 
all graded annihilators of submodules of H is in bijective correspondence with a certain set of radical 
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ideals of R, and one of the main results of JUis that this set is finite in the case where H is Artinian 
as an i?-module. The theory that emerges has some uncanny similarities to tight closure theory. Use is 
made of the Hartshorne-Speiser-Lyubeznik Theorem (see R. Hartshorne and R. Speiser Proposition 
1.11], G. Lyubeznik |131 Proposition 4.4], and M. Katzman and R. Y. Sharp |121 1.4 and 1.5]) to pass 
between a general left R[x, /]-modulc that is Artinian over R and one that is x-torsion-free. 

In 21 this theory of special annihilator submodules is applied to prove an existence theorem for 
weak parameter test elements in a Cohen-Macaulay local ring of characteristic p. To explain this, I 
now review some definitions concerning weak test elements. 

A p w °-weak test element for R (where wq is a non- negative integer) is an element c' G R° such that, 
for every ideal b of R and for r G R, it is the case that r G b* if and only if c'r p " G b^ p "^ for all n > wq. 
A p°-weak test element is called a test element. 

A proper ideal a in R is said to be a parameter ideal precisely when it can be generated by ht a 
elements. Parameter ideals play an important role in tight closure theory, and Hochstcr and Huncke 
introduced the concept of parameter test element for R. A p w ° -weak parameter test element for R is 
an element c' G R° such that, for every parameter ideal b of R and for r G R, it is the case that r G b* 
if and only if c'r p £ f)' p ' for all n > wq. A p°-weak parameter test element is called a parameter test 
element. 

It is a result of Hochster and Huneke Theorem (6.1)(b)] that an algebra of finite type over an 
excellent local ring of characteristic p has a p w °-~weak test element for some non- negative integer Wq; 
furthermore, such an algebra which is reduced actually has a test element. Of course, a (weak) test 
element is a (weak) parameter test element. 

One of the main results of this paper is Theorem l4.5l which shows that every Cohen-Macaulay local 
ring of characteristic p, even if it is not excellent, has a p w °-weak parameter test element for some 
non-negative integer wo. 

Lastly, the final ^establishes some connections between the theory developed in this paper and the 
_F-stable primes of F. Enescu 

1. Graded annihilators and related concepts 

1.1. Notation. Throughout, R will denote a commutative Noetherian ring of prime characteristic p. 
We shall work with the skew polynomial ring R[x, f] associated to R and / in the indeterminate x over 
R. Recall that R[x, /] is, as a left i?-module, freely generated by (x l )i^ (I use N and No to denote 
the set of positive integers and the set of non-negative integers, respectively), and so consists of all 
polynomials J2i=o Tixl ' wnere n € No and ro,...,r„ G R; however, its multiplication is subject to the 
rule 

xr = f(r)x = r p x for all r G R. 

Note that R[x, f] can be considered as a positively-graded ring R[x, /] = ®^L ^I 2 -' /]«> wu ^ n R[ x , f]n = 
Rx n for all n G No- The ring R[x, /] will be referred to as the Frobenius skew polynomial ring over R. 

Throughout, we shall let G and H denote left R[x, /]-modules. The annihilator of H will be denoted 
by &nn R[xJ] H or a,nn R[xJ] (H). Thus 

a,TLTL R[xJ] {H) = {9 G R[x, f]:6h = for all h G H}, 

and this is a (two-sided) ideal of R[x,f]. For a two-sided ideal 23 of R[x,f], we shall use ann# 23 or 
ann#(23) to denote the annihilator o/23 in H. Thus 

&nn H 23 = ann H (23) = {h G H : Oh = for all 9 G 23}, 

and this is an R[x, /]-submodule of H . 

1.2. Definition and Remarks. We say that the left R[x, /]-module H is x -torsion- free if xh = 0, for 
h G H, only when h = 0. The set T X (H) :={heH: x j h = for some j G N} is an R[x, /]-submodule 
of H, called the x-torsion submodule of H. The R[x, /]-module H/Y X {H) is x-torsion-free. 

1.3. Remark. Let 23 be a subset of R[x, /]. It is easy to see that 23 is a graded two-sided ideal of R[x, f] 
if and only if there is an ascending chain (b„) n6 N of ideals of R (which must, of course, be eventually 
stationary) such that 23 = © neNo b n x n . We shall sometimes denote the ultimate constant value of the 
ascending sequence (b„)„ eNo by lim^oo b„. 
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Note that, in particular, if b is an ideal of R, then bR[x, f] = © ngNo bx n is a graded two-sided ideal 
of R[x, /]. It was noted in II. II that the annihilator of a left R[x, /]-modulc is a two-sided ideal. 

1.4. Lemma (Y. Yoshino |19l Corollary (2.7)]). The ring R[x, f) satisfies the ascending chain condition 
on graded two-sided ideals. 

Proof. This can be proved by the argument in Yoshino's proof of Corollary (2.7)]. □ 

1.5. Definitions. We define the graded annihilator gr-ann^ *i H of the left R[x, /]-module H by 

gr-ann^^j] H = < rix 1 G R[x, f] : n G No, and r.- L G R, rix 1 G ann^ j] H for alii = 0, . . . , n > . 

U=o J 
Thus gr-ann^ ii if is the largest graded two-sided ideal of R[x, f] contained in ann^j^ j] H; also, if 
we write gr-ann^ ^ H = © neN b n x n for a suitable ascending chain (b n ) n gN of ideals of R, then 
bo = (0 :r H), the annihilator of H as an i?-module. 

We say that an R[x, /]-submodulc of H is a special annihilator submodule of H if it has the form 
ann#(03) for some graded two-sided ideal 03 of R[x, /]. We shall use A(H) to denote the set of special 
annihilator submodules of H. 

1.6. Definition and Remarks. There are some circumstances in which gr-ann^ f]H = ann^j] H: 
for example, this would be the case if H was a Z-graded left R[x, /]-module. Work of Y. Yoshino in 
[T§1 §2] provides us with further examples. 

Following Yoshino [H Definition (2.1)], we say that R has sufficiently many units precisely when, 
for each n € N, there exists r n G R such that all n elements (r n ) p — r n (1 < i < n) are units of R. 
Yoshino proved in ^3 Lemma (2.2)] that if either R contains an infinite field, or R is local and has 
infinite residue field, then R has sufficiently many units. He went on to show in |19l Theorem (2.6)] 
that, if R has sufficiently many units, then each two-sided ideal of R[x, f] is graded. 

Thus if R has sufficiently many units, then gr-ann^ ^ H = aim R [ x j] H, even if H is not graded. 

1.7. Lemma. Let 03 and 03' be graded two-sided ideals of R[x, f] and let N and N' be R[x, /]- submodules 
of the left R[x, f]-module H. 

(i) 7/03 C 03',. then ann H (03) D ann H (03'). 

(ii) IfN C N', then gr-axm R[x J] N D gr-axm R[x J] N' . 

(iii) We have 03 C gr-ann^ ^ (ann#(03)). 

(iv) We have N C ann# ^gr-ann^ ^ N^j . 

(v) There is an order-reversing bijection, T, from the set A{H) of special annihilator submodules 
of H to the set of graded annihilators of submodules of H given by 

r : N i — ► gr-ann R[x f] N. 

The inverse bijection, T , also order-reversing, is given by 

r 1 : 05 i — ► anncrfJB). 

Proof. Parts (i), (ii), (iii) and (iv) are obvious. 

(v) Application of part (i) to the inclusion in part (iii) yields that 



ann ff («B) D ann/^gr-ann^j] (ann ff (03))J ; 
however, part (iv) applied to the R[x, /]-submodule ann# (03) of H yields that 

annf/(03) C ann ff (gr-ann^ j-j (ann ff (03))^ ; 

hence ann#(03) = ann# ^gr-ann^^ ^ (ann#(03))^ . Similar considerations show that 

gr-ann fl[xJ] N = gr-ann fl[xJ] (ann H (gr-ann^ 



R[x,f] N 



□ 
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1.8. Remark. It follows from Lemma lTTI tliat . if TV is a special annihilator submodule of H, then it is the 
annihilator (in H) of its own graded annihilator. Likewise, a graded two-sided ideal 03 of R[x, /] which 
is the graded annihilator of some R[x, /]-submodule of H must be the graded annihilator of ann#(03). 

Much use will be made of the following lemma. 

1.9. Lemma. Assume that the left R[x, f]-module G is x -torsion- free. 

Then there is a radical ideal b of R such that gr-ann^j] G = bR[x, f] = ©neN bx n . 

Proof. There is a family (b n )„ e N of ideals of R such that b„ C b n+ i for all neNo and gr-ann^ ^ G = 
©neKo bn% n - There exists no £ No such that b n — b n „ for all n > no. Set b := b„ . It is enough for us 
to show that, if r € R and e € No are such that r p £ b, then r € bo. 

To this end, let h € N be such that h > max{e, no}. Then, for all g £ G, we have x h rg = r p x g = 0, 
since r p £ b — bh- Since G is x-torsion-free, it follows that rG = 0, so that r £ bo- □ 

1.10. Definition. Assume that the left R[x, /]-module G is x-torsion-free. An ideal b of R is called 
a G-special R-ideal if there is an R[x, /]-submodule N of G such that gr-ann^r^. ^ N = bR[x, f] = 
©„ eNo bx n . It is worth noting that, then, the ideal b is just (0 :_r TV). 

We shall denote the set of G-special i?-ideals by 1(G). Note that, by Lemma f 1.91 all the ideals in 
1(G) are radical. 

We can now combine together the results of Lemmas ll.7f v) and 11.91 to obtain the following result, 
which is fundamental for the work in this paper. 

1.11. Proposition. Assume that the left R[x, f] -module G is x -torsion- free. 

There is an order-reversing bijection, A : A(G) ► ^(G), from the set A(G) of special annihilator 

submodules of G to the set T(G) of G-special R-ideals given by 

A : N i — ► (gv-&nn R[x f] /v) n R = (0 : R N). 

The inverse bijection, A -1 : 1(G) — ► -4(G), also order-reversing, is given by 

A- 1 :b^ann G (bR[xJ})). 
When N £ -4(G) and b £ T(G) are such that A(N) = b, we shall say simply that 'N and b correspond'. 

1.12. Corollary. Assume that the left R[x, f]-module G is x -torsion- free. 

Then both the sets -4(G) and 1(G) are closed under taking arbitrary intersections. 

Proof. Let (N\) XeA be an arbitrary family of special annihilator submodules of G. For each A £ A, let 
b\ be the G-special i?-ideal corresponding to N\. In view of Proposition II. Ill it is sufficient for us to 
show that Haga G -4(G) and b := f| Ae A ^ £ T(G). 
To prove these, simply note that 

HagA - OxeA am G (bxR[x, /])) = ann G ((£ AeA b x )R[x, /]) 

and that J2xe\ ^a is an R[x, /]-submodule of G such that 

gr-ann^,/] (EagA^a) = f) XeA gr-&mi R[x f] N\ = f] XeA (b\R[x, /]) = bR[x,f}. 

□ 

1.13. Remark. Suppose that the left R[x, /]-module G is x-torsion-free. 

It is worth pointing out now that, since R is Noetherian, so that the set 1(G) of G-special R- 
ideals satisfies the ascending chain condition, it is a consequence of Proposition II .111 that the set -4(G) 
of special annihilator submodules of G, partially ordered by inclusion, satisfies the descending chain 
condition. This is the case even if G is not finitely generated. Note that (by ^3 Theorem (1.3)]), the 
(noncommutative) ring R[x, f] is neither left nor right Noetherian if dimi? > 0. 
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2. Examples relevant to the theory of tight closure 

The purpose of this section is to present some motivating examples, from the theory of tight closure, 
of some of the concepts introduced in §\\ Throughout this section, we shall again employ the notation 
of II. II and a will always denote an ideal of R. Recall that the Frobenius closure a F of a is the ideal of 
R defined by 

a F :— {r G R : there exists n G No such that r p G a' p ' }. 

2.1. Remark. Let (b„) n eN be a family of ideals of R such that b n C / _1 (b n +i) for all n G No- 
Then ©„ gNq b n x n is a graded left ideal of R[x, /], and so we may form the graded left R[x, /]-module 

/]/ ©rieNo b n x n - This may be viewed as ©„ eNo R/b n , where, for r G R and n G No, the result of 
multiplying the element r + b n of the n-th component by x is the element r p + b„+i of the (n + l)-th 
component. 

Note that the left R[x, /]-module R[x, /]/ © nSNo b n x n is x-torsion-free if and only if b n = f~ 1 {b n +i) 
for all n G No, that is, if and only if (b n )„ e N is an /-sequence in the sense of Definition 4.1(ii)]. 

2.2. Notation. Since R[x, f]a = ©„ eNt aJ? ^x n , we can view the graded left R[x, /]-module 

R[x,f]/R[x,f]a 

as © neN i?/a' p "' in the manner described in 12.11 We shall denote the graded left R[x, /]-module 
® neNo R°/a^byH(a). 

Recall from |lbl 4.1(iii)] that ((cJ p ') F ) neN is the canonical f -sequence associated to a. We shall 
denote ©„ 6N i?/(c^ p "') F , considered as a graded left R[x, /]-module in the manner described in 12. II 
by G(a). Note that G(o) is cc-torsion-free. 

2.3. Lemma. With the notation of 12.21 we have T x (H(a)) = ©„ e N (a' p "') F /a' p ™', so that there is an 
isomorphism of graded left R[x, f]-modules 

H(a)/T x (H(a)) = G(a). 

Proof. Let n G No and r G R. Then the element r + a^ p > of the n-th component of H(a) belongs to 
T x (H(a)) if and only if there exists m G N such that x m (r + a^) = r p ™ + (a^)^ = 0, that is, if 
and only if r G (aI p "l) F . □ 

2.4. Proposition. We use the notation of 12.21 

Suppose that there exists a p w ° -weak test element c for R, for some wq G No- Then 

(i) ann ff(a) (©^ Rcx n ) = ©^(a^)*/^"]; 

(ii) ann G(a) (©„ gNo Rcx n ) = ^^(a^)* / (a^) F ■ 

Proof, (i) Let j G No and r G R. Then the element r + cJ pJ l of the j-th component of H (a) belongs to 
ann H ( a) f© n > TOo Rcx n ^j if and only if cr p ™ G (a[ pJ ])[ p "] for all n > w Q , that is, if and only if r G (cJ pJ l)*. 
(ii) By part (i), 

®ne^M pn] r/(a [pn] ) F C ann G(Q) (® n > Wo Rcx") . 

Note that ann G ( a ) ^©„ >u , Rcx n ^j is a graded R[x, /]-submodule of G(a). Let j G No and r G R be 
such that r + (cJ pJ l) F belongs to the j-th component of ann G ( ) (® n>Wo Rcx n ^j . Then, for all n > wq, 

we have cr p " G (a[ pJ+ "]) F = ((a^^ p ^) F . Therefore, by O Lemma 0.1], we have r G (o^)*. 
It follows from this that 

© ne N (« [P " ] )7(a b " ] ) F = ann G(a) (® n > W0 Rcx n ) , 
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and so (J) ngNo (a' p ')*/ (a' p ' ) F is a special annihilator submodule of the x-torsion-free graded left R[x, /]- 
module G(a). Let b be the G(a)-special i?-ideal corresponding to this member of A(G(a)). The above- 
displayed equation shows that Rc C b. Hence, by Proposition ll.lll 

®nen (^ n] r/(^ n] ) F = a ™G(a) (® n > W0 Rcx n ) 2 ann G(0) (© neNo ite«) 
2 ann G(a) (©„ eNn bx") = ©„ eN >^)7(a^) F . 

□ 

2.5. Definition. The weak test ideal t'(R) of R is defined to be the ideal generated by and all weak 
test elements for R. (By a 'weak test element' for R we mean a p w °-weak test element for R for some 
w e N .) 

It is easy to see that each element of t'(R) n i?° is a weak test element for R. 

2.6. Theorem. We use the notation of 12.21 Suppose that there exists a p w ° -weak test element c for R, 
for some Wq € No- 

Let H be the positively- graded left R[x, f]-module given by 

H:= H(a)= (® n&(o R/a^). 

a is an ideal of Ft a is an ideal of i?, 

SetT:= (©„ eNo (a^)V^ ] )' 

a is an ideal of R 

(i) Then T = ann# (@ n > Wo Rcx n ^j , and so is a special annihilator submodule of H . 

(ii) Write gr-ann^ ^ T = ©, lGNo c„x" /or a suitable ascending chain (c n )„ e N °/ ideals of R. 
Then lim, woo c„ = t'(R), the weak test ideal for R. 

(iii) Furthermore, T contains every special annihilator submodule T' of H for which the graded 
annihilator gr-annjj^ jn T' = © neNf) b n x n has ht^inin^oo b n ) > 1. (T/ie height of the improper 
ideal R is considered to be oo.) 

Proof, (i) This is immediate from Proposition 12. 4f i). 

(ii) Write c := linin^ooCn. Since there exists a weak test element for R, the ideal t'(R) can be 
generated by finitely many weak test elements for i?, say by Cj (i = 1, . . . , h), where Cj is a p^-weak 
test element for R (for i = 1, . . . , /i). Set u; = max{i«i, . . . , Wh}- It is immediate from part (i) that 
0„ >{5 r'(i?)x" C gr-ann R[X)/] T, and so t'(R) C c. Therefore ht c > 1, so that c n R° ^ by prime 
avoidance, and c can be generated by its elements in R°. 

There exists mo S No such that c n = c for all n > mo. Let d S cfl Thus T is annihilated by c'x n 
for all n > mo; therefore, for each ideal a of R, and for all r € a*, we have c'r p S a[ p ' for all n > mo, 
so that d is a p m °-weak test element for R. Therefore c' G t'(R). Since c can be generated by elements 
in c n R°, it follows that c C t'(R). 

(iii) Since T' = ann# ^©„ eNo b n x n \ it follows that 

T'= (©„ eNo an/a^l), 

a is an ideal of 

where, for each ideal a of R and each n € No, the ideal a n of R contains cJ p "l . Suppose that lim„^oo b n 
[i and that i>o G No is such that b n = b for all n > vq. Since ht b > 1, there exists c S b n by prime 
avoidance. Let a be an ideal of R and let n € No- Then, for each r S O n , the element r + a' p ™' of the 
rt-th component of H(a) is annihilated by cx J for all j > «o. This means that crP 3 £ ( a [p"l)[P J l for all 
j>v , so that r <E (a^)* . Therefore fCT. □ 

2.7. Theorem. H^e wse i/ie notation of 12.21 Suppose that there exists a p w ° -weak test element c for R, 
for some wo £ No. 

Let G be the positively-graded x -torsion- free left R[x, f]-module given by 

G:= G(a)= (® n ^ R/(a^f)- 

a is an ideal of Ft a is an ideal of Ft 
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S etU:= (® nel ,M pn] r/(a [pn] ) F )- 

a is an ideal of R 

(i) Then U — ann G (© n gpj Rcx n ) , and so is a special annihilator submodule of G. 

(ii) Let b be the G-special R-ideal corresponding to U. Then b is the smallest member of T(G) of 
positive height. 

Proof, (i) This is immediate from Proposition 12. 4f ii1. 

(ii) Note that Rc C b, by part (i); therefore htb > 1. To complete the proof, we show that, if 
b' G 1(G) has htb' > 1, then b C b'. By prime avoidance, there exists c G b' n R° . Let U' G A(G) 
correspond to b' (in the correspondence of Proposition ll.ll(l . Since U' = ann G b'R[x, /], it follows that 

U'= (e„ eI w(a^J) F ), 

a is an ideal of R 

where, for each ideal a of R and each n G No, the ideal a n of R contains (cJ p ') F . Let a be an ideal of 
R and let n G No- Then, for each r G a n , the element r + (a^ p ') F of the n-th component of G(a) is 
annihilated by ex 3 for all j > 0. This means that Zr p ' G ((a^)^ p ^) F for all j > 0, so that r G (a^)* 
by [12 Lemma 0.1(i)]. Therefore U' C f7, so that b'Db. □ 

3. Properties of special annihilator submodules in the x-torsion-free case 

Throughout this section, we shall employ the notation of 11.11 The aim is to develop the theory of 
special annihilator submodules of an x-torsion-free left R[x, /]-module. 

3.1. Lemma. Suppose that G is x-torsion-free. Let N be a special annihilator submodule of G. Then 
the left R[x, f]-module G/N is also x-torsion-free. 

Proof. By Lemma fOl and Proposition !!.!!! there is a radical ideal b of R such that N — aniig (bR[x, /]) . 
Let g G G be such that xg G N. Therefore, for all r G b and all j G No, we have rx 3 (xg) = 0, that is 
rx 3+1 g = 0. Also, for r G b, since r(xg) = 0, we have x(rg) — r p xg = 0, and so rg = because G is 
x-torsion-free. Thus g E ann G ((BneN ^"j = N. It follows that G/N is x-torsion-free. □ 

3.2. Lemma. Suppose that G is x-torsion-free. Let a be an ideal of R, and set L := ann G (aR[x,f]) G 
A(G). Then L = ann G (Voft[x,/]) . 

Proof. Let D G 2T(G) correspond to L. Note that ft is radical, by Lcmma lTTfl also, oCD. Hence a C -y/a C 
v^O = £). Since ann G (ai?[x, /]) = ann G (VR{x, /]), we must have ann G (aR[x, /]) = ann G (-y/tt#[£, /]) ■ 

□ 

3.3. Proposition. Suppose that G is x-torsion-free. Let o be an ideal of R, and set 

L:=ann G (aR[x, /]) G A(G). 

Note that G/L is x-torsion-free, by Lemma 13.1! Let N be an R-submodule of G such that L C N C G. 

(i) If N = ann G (bi?[x, /]) € .A(G), where b is an idea/ o/i? contained in a, then 

NIL = ann G/i ((b : a)i?[x, /]) € A(G/L). 

Furthermore, if the ideal in T(G) corresponding to N is b, then (b : a) is the ideal in T(G/L) 
corresponding to N/L. 

(ii) If N/L = ann G /£ (cR[x, /]) € A(G/L), where c is an idea? of R, then 

N = ann G (aci?[x,/]) = ann G ((a n c).R[x, /]) G -4(G). 

Furthermore, if a is the ideal in 1(G) corresponding to L and c is the ideal in T(G/L) corre- 
sponding to N/L, then afl c is the ideal in 1(G) corresponding to N . 

(iii) There is an order-preserving bisection from {N G A(G) : N D L} to A(G/L) given by N i— » 
N/L. 
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Proof. By Lemma \'S. II the left R[x, /]-module G/L is rr-torsion-free. 

(i) Let g £ N . Let i,j £ Nq and r £ (b : a), u £ a. Then ux t (rx J g) = ur p x l+3 g = because ur p £ b 
and bx l+3 annihilates A. This is true for all i 6 No and u £ a. Therefore rx J g £ ann G (aR[x, /]) = L. 
Since this is true for all j £ Nq and r £ (b : a), we see that N/L C ann G /£ ((b : a)i?[a;, /]). 

Now suppose that g £ G is such that g + L £ ann G /£ ((b : a)i?[a;, /]). Let r £ b and i £ Nq. Then 
r £ (b : o) and so rx l+1 annihilates g + L £ G/L. Hence rx l+1 g £ L. Since b C a, we see that 
r p ~ 1 rx l+1 g = 0, so that xrx % g = 0. As G is x-torsion-free, it follows that rx % g = 0. As this is true for 
all r £ b and i £ No, we see that g £ ann G (bR[x, /]) = N. Hence N/L = ann G / £ ((b : a)R[x, /]). 

To prove the final claim, we have to show that gr-ann R y x m (N/L) = © nEN (b : a)x n , given that 
gr-ann^jj^ j] N — (J)„ 6No bx n . In view of the preceding paragraph, it remains only to show that 

gr-axm R[xJ] (N/L) C (b : a)R[x,f}. 

Let r £ R be such that rx % £ gr-ann^ ^(N/L) for all i £ No- Let g £ N. Then rx l g £ L for all 
i £ N , and so arx l g = for all i £ No. As this is true for all g £ N and for all i £ No, it follows that 
& r C ^gr-ann^ N^j fl R = b. Hence r £ (b : a). 

(ii) Let g £ N. Then ux'g € L for all u S c and i £ No, and so rux % g = for all r £ a, u £ c and 
i G N - Hence iV C ann G (0 nGNo acx 11 ) = ann G (aci?[x, /]). 

Now let g £ ann G (aci?[x, /]). Then, for all r £ a, u £ c and i,j £ No, we have rx i (ux : >g) — 
ru p ' x t+ ig — 0, and so ux^g £ L for all u £ c and j £ No. Hence g + L £ a,nn G / L (©„ eNo cx n ) = N/L, 
and g S A. It follows that N = ann G (acR[x, /]) . Also, by Lemma 13.21 we have 

ann G (acR[x, /]) = ann G ((a n c)R[x, /]) , 

because ac and a n c have the same radical. 

To prove the final claim, we have to show that gr-ann^.^ ^ N = (a n c)R[x, /], given that 

gr-arm fl[xJ] (A/ L) = ci?[x, /] and gr-axm R[Xif] (L) = aR[x, /] . 

In view of the preceding paragraph, it remains only to show that gr-ann^ju ^ A C (o n c)R[x,f]. 
However, this is clear, because gr-ann^u j] A C gr-ann^^ f] L(l gr-ann^ ^(N/L). 

(iii) This is now immediate from parts (i) and (ii). □ 

3.4. Remark. It follows from Proposition 13 . 3f ii) (and with the hypotheses and notation thereof) that, 
if a is an ideal of R and L :— ann G (aR[x, /]), then ann G / L (aR[x, /]) = 0. 

Because the special i?-ideals introduced in Definition II. 101 arc radical, the following lemma will be 
very useful. 

3.5. Lemma. Let a and b be proper radical ideals of R, and let their (unique) minimal primary decom- 
positions be 

a = t! n . . . n t fc n p x n . . . n p t n p[ n . . . n p' u 

and 

b = n n . . . n tk n qi n . . . n q v n q' x n . . . n q' w , 

where the notation is such that 

{pi, . . . ,p t ,pi, . . . ,p' u } H {qi, . . . , q„, qi, ...,q' w } = 0, 

and such that none of pi, ... ,pt contains an associated prime of b, each of p[, . . . ,p' u contains an 
associated prime of b, none of c\i, ... ,q v contains an associated prime of a, and each of q' 1; . . . , q^ 
contains an associated prime of a. (Note that some, but not all, of the integers k, t and u might be 
zero; a similar comment applies to the primary decomposition of b .) Then 

(i) a n b = ri H . . . n rfc n pi n . . . n pt n qi H . . . n qt, is the minimal primary decomposition; 

(ii) if a % b, the equation (b : a) = qi PI . . . PI q„ gives the minimal primary decomposition. 
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Proof, (i) Each of p[, . . . ,p' u must contain one of . . . , q v ; likewise, each of q^, . . . , q' w must contain 
one of pi, . . . , pt . The claim then follows easily. 

(ii) Since (b : a) = (b n a : a), it is clear from part (i) that 

qi n...nq„ C (b : o). 

Now let r G (b : a) = (b n a : o). Then, for each i = 1, . . . , v, we have ra C q i5 whereas a 2 qii hence 
r € qi because q^ is prime. □ 

3.6. Theorem. Suppose that G is x -torsion- free. Let N := anng (bR[x, /]) G A(G), where the ideal 
b G 2^(G) corresponds to N . Assume that N ^= 0, and let b = pi PI . . . PI pt &e t/ie minimal primary 
decomposition of the (radical) ideal b. 

Suppose that t > 1, and consider any partition {1, ...,<} = J7U V, where U and V are two non-empty 
disjoint sets. Set a = Hiec/P* ari ^ c = Hiev P»- := ann G (oi?[x, /]) G .4(G). TVien 

(i) OcLciV (i/ie symbol t ' is reserved to denote strict inclusion); 

(ii) iV/Z/ = ann G /£ (ci?[x, /]) G A(G/L) with corresponding ideal c € 1(G/L); and 

(iii) gr-amifj^ j] i = oi?[a;, /], so iftai o € 1{G) corresponds to L. 

Proof, (i) It is clear that L C N. Suppose that L = and seek a contradiction. Let g G AT. Let 
i, j G No and r G c, u G a. Then ux l {rx 3 g) = ur p x l+3 g = because ur p G b and bx t+3 annihilates 
N. This is true for all i e N and u G a. Therefore rx J g G ann^j (©„ 6 pj ax") = L = 0. It follows 
that TlgNo cx" C gr-ann^ji = ©„ eNo bx n , so that c C b. But b C c, and so c = b. However, this 
contradicts the fact that b = pi D . . . D p t is the unique minimal primary decomposition of b. Therefore 

Now suppose that L = N and again seek a contradiction. Then (J) ngNo ax n C gr-ann^r^, ^ = 
ngN bx n , so that a C b. But b C a, and so a = b, and this again leads to a contradiction. Therefore 
L N. 

(ii) Since b C a, it is immediate from Proposition ^ . 3f ii that N/L — ann G / L ((b : a)R[x, /]) G A(G/L) 
and that the ideal (b : a) G I(G/L) corresponds to N/L. However, it follows from Lemma I3.5f ii1 that 
(b:a) = n ie yP. = C. 

(iii) Let U G T{G) correspond to L. Note that a = f] ieU pi C 5. By Proposition 13 . 3f ii . the ideal 
in 1(G/L) corresponding to N/L is (b : d). Therefore, by part (ii), we have (b : d) = c. But, by 
Proposition 13 . 3f iii . the ideal in 1(G) corresponding to A^ is t) n c. Therefore b = n c, and so 7^ R. 

Now is a radical ideal of R. By Lemma l3.5f i1. each pj, for j G U, is an associated prime of 5. 
Hence c) C f]j 5U pj = o. But we already know that a C 0, and so d = a. □ 

3.7. Corollary. Suppose that G is x -torsion- free. Then the set of G- special R-ideals is precisely the set 
of all finite intersections of prime G-special R-ideals (provided one includes the empty intersection, R, 
which corresponds to the zero special annihilator submodule of G). In symbols, 

1(G) = {pi n . . . n p t : t G N and pi, . . . , p t G 1(G) n Spec(i?)} . 

Proof. By Corollarv ll.121 the set 1(G) is closed under taking intersections. A proper ideal a G 1(G) 
is radical and it follows from Theorem 13. 61 that each (necessarily prime) primary component of a also 
belongs to 1(G). This is enough to complete the proof. □ 

3.8. Lemma. Suppose that G is x -torsion- free. Let p be a maximal member of 1(G) \ {R} with respect 
to inclusion, and let L G A(G) be the corresponding special annihilator submodule of G. Thus L is a 
minimal member of the set of non-zero special annihilator submodules of G. 

Then p is prime, and any non-zero g G L satisfies gr-ann^ ^ R[x, f]g = pR[x, /]. 

Proof. It follows from Corollary 13 . 71 that p is prime. 

Since R[x, f)g is a non-zero R[x, /]-submodule of L, there is a proper radical ideal a G 1(G) such 
that 

aR[x, f] = gr-ann fl[X)/] R[x, f]g D gr-ann^^^] L = pR[f, x}. 
Since p is a maximal member of 1(G) \{R}, we must have a = p. □ 
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Our next major aim is to show that, in the situation of Corollary 13.71 the set 1(G) is finite if G 
has the property that, for each special annihilator submodule L of G (including = annc R[x, /]), the 
x-torsion-free residue class module G/L (see Lemma 13. If) does not contain, as an R[x, /]-submodule, 
an infinite direct sum of non-zero special annihilator submodulcs of G/L. This may seem rather a 
complicated hypothesis, and so we point out now that it is satisfied if G is a Noctherian or Artinian left 
R[x, /]-module, and therefore if G is a Noetherian or Artinian i?-module. These ideas will be applied, 
later in the paper, to an example in which G is Artinian as an i?-module. 

The following lemma will be helpful in an inductive argument in the proof of Theorem 13. 1UI 

3.9. Lemma. Suppose that G is x -torsion- free, and that the setl(G)\{R} is non-empty and has finitely 
many maximal members: suppose that there are n of these and denote them by pi, . . . , p„. (The ideals 
pi,...,p n are prime, by 13.81 ) Let L := ann^ (pi fl • • • fl p„) R[x, f] . Then the left R[x, f]-module G/L 
is x -torsion- free, and 

1(G/L) n Spcc(i?) - 1(G) n Spec(i?) \ {pi, . . . ,p„}. 

Proof. Note that f|- l =i P^ € 1(G), by Corollary ITTT21 Therefore gr-arrn^] L = (D™ =1 Pi) R[x, f] and L 
corresponds to H"=i Pi- 

That G/L is x-torsion-free follows from Lemma f3. II By Proposition 13. 3f iii). 

A(G/L) = {N/L : N e A(G) and L C N} . 

Let N £ A(G) with L C N, and let b £ 1(G) correspond to N. Note that b C C\i =1 pi, and that no asso- 
ciated prime of b can contain properly any of pi, . . . , p„. Therefore the minimal primary decomposition 
of the radical ideal b will have the form 

b = (fWP*)nqin...n qt ,, 

where / is some (possibly empty) subset of {1, . . . , n} and none of qi, . . . , q„ contains any of pi, ... , p n . 
Note that qi, . . . , q v must all belong to 1(G) n Spec(i?) \ {pi, . . . ,p n }. Proposition I3.3IT ). this time 
used in conjunction with Lemma l3.5f iiL now shows that N/L £ A(G/L) and the ideal of 1(G/L) 
corresponding to N/L is 

(b :pin---np„) = q x n...nq v . 

Note also that, if q G 1(G) n Spec(i?) \ {pi, . . . ,p„} and 

J := {j e {l,...,n} :pj ■ J> q} , 

then c := \ T\j e jPj] H q S 1(G) and c C HlLif*- ^ now f° uows from Corollary 13 . 71 that 

1(G/L) n Spcc(i?) = 1(G) n Spec(i?) \ {pi, . . . ,p„}, 
as required. □ 

3.10. Theorem. Suppose that G is x -torsion- free. Assume that G has the property that, for each special 
annihilator submodule L of G (including = aiuiQ R[x, f]), the x -torsion- free residue class module 
G/L does not contain, as an R[x, /]- submodule, an infinite direct sum of non-zero special annihilator 
submodules of G/L. 

Then the set 1(G) of G-special R-ideals is finite. 

Proof. By Corollary 13.71 it is enough for us to show that the set 1(G) n Spec(i?) is finite; we may 
suppose that the latter set is not empty, so that it has maximal members with respect to inclusion. In 
the first part of the proof, we show that 1(G) n Spec(i?) has only finitely many such maximal members. 

Let (Pa)a s a b e a labelling of the set of maximal members of 1(G) n Spec(i?), arranged so that 
Pa 7^ Pn whenever A and [i are different elements of A. For each A € A, let S\ be the member of -4(G) 
corresponding to p\. 

Consider A, fj, € A with A / ji. By Lemma 13.81 a non-zero g £ S\ n 5 M would have to satisfy 
gr-amifjuji R[x, f]g = p\R[x, f] = p^R[x, /]. Since Pa ^ pp, this is impossible. Therefore S\ PI 5^ = 
and the sum 5a + is direct. 
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Suppose, inductively, that n G N and we have shown that, whenever Ai,...,A„ are n distinct 
members of A, then the sum Y2?=i i s direct. We can now use Lemma 13. 81 to see that, if gi G S\ i for 
i = 1, . . . , n, then 

n 

gr-axm R[xJ] R[x,f](gi-\ V g n ) = f] p\ z R[x,f], 

i=i 

and then to deduce that, for A„+i G A \ {Ai, . . . , A„}, we must have S\ t ) f] S\ n+1 = 0, so that 

the sum S\ x + • ■ • + S\ n + S\ n+1 is direct. 

It follows that the sum X^agA ^ ^ s direct; since each S\ is non-zero, the hypothesis about G/0 (that 
is, about G) ensures that A is finite. 

We have thus shown that 1(G) n Spec(i?) has only finitely many maximal members. Note that 
max{htp : p is a maximal member of 1(G) n Spec(i?)} is an upper bound for the lengths of chains 

po C pi C • • • C p w 

of prime ideals in 1(G) n Spec(i?). We argue by induction on the maximum t of these lengths. When 
t = 0, all members of 1(G) fl Spec(i?) are maximal members of that set, and so, by the first part of this 
proof, 1(G) PI Spec (il) is finite. Now suppose that t > 0, and that it has been proved that Z(G)nSpec(i?) 
is finite for smaller values of t. 

We know that there are only finitely many maximal members of 1(G) H Spec(i?); suppose that there 
are n of these and denote them by pi, . . . , p„. Let L :— ann^ (pi n ■ • • n p„) R[x, /]. We can now use 
Lemma f3. 91 to deduce that the left R[x, /]-module G/L is x-torsion-free and 

1(G/L) n Spec(i?) = 1(G) n Spec(ii) \ {pi, . . . , p„}. 

It follows from this and Proposition 13. 'M \\\ that the inductive hypothesis can be applied to G/L, and 
so we can deduce that the set 

X(G)nS P ec(i?)\{pi,...,p„} 
is finite. Hence 1(G) D Spec(i?) is a finite set and the inductive step is complete. □ 

3.11. Corollary. Suppose that the left R[x, /] -module G is x -torsion- free and either Artinian or Noe- 
therian as an R-module. Then the set 1(G) of G-special R-ideals is finite. 

3.12. Theorem. Suppose that G is x -torsion- free and that the set 1(G) of G-special R-ideals is finite. 
Then there exists a (uniquely determined) ideal b G 1(G) with the properties that ht b > 1 (the improper 
ideal R is considered to have infinite height) and b C c for every other ideal c G 1(G) with ht c > 1. 
Furthermore, for g G G, the following statements are equivalent: 

(i) g is annihilated by bR[x, f] = ©„ e N n bx n ; 

(ii) there exists c G R° fl b such that cx n g = for all n 0; 

(iii) there exists c G R° such that cx n g = for all n>0. 

Proof. By Corollary 13. 71 we have 

1(G) = {pi n . . . n p t : t G No and pi, . . . , p t G 1(G) n Spec(i?)} . 
Since 1(G) is finite, it is immediate that 

b-.= n P 

p£l(G)nSpec(_R) 
ht p>l 

is the smallest ideal in 1(G) of height greater than 0. Since ht b > 1, so that there exists c G b D R° by 
prime avoidance, it is clear that (i) (ii) and (ii) => (iii). 

(iii) =>■ (i) Let no G No and c G R° be such that cx n g = for all n > no- Then, for all j G No, we 
have x na cx^g = c p °x n °^g = 0, so that cx J g = because G is x-torsion-free. 

Therefore g G &nn G (RcR{x, /]). Now ann G (RcR [x, /]) G A(G): let a G 1(G) be the corresponding 
G-special i?-ideal. Since c G a, we must have ht a > 1. Therefore b C a, by definition of b, and so 

g G &nn G (RcR{x, /]) = ann G (ai?[x, /]) C ann G (bi?[a;, /]). 

□ 
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Corollary 13.111 and Theorem 13.121 give hints about how this work will be exploited, in Section 0] 
below, to obtain results in the theory of tight closure. The aim is to apply Corollarv l3 .111 and Theorem 
13.121 to H^ l {R)/T 3t (H^ l (R)), where (R, m) is a local ring of dimension d > 0; the local cohomology 
module H^(R), which is well known to be Artinian as an i?-module, carries a natural structure as a 
left R[x, /]-module. The passage between H^(R) and its a;-torsion-free residue class R[x, /]-module 
H£ 1 (R)/T x (H£ 1 (R)) is facilitated by the following extension, due to G. Lyubeznik, of a result of R. 
Hartshorne and R. Speiser. It shows that, when R is local, an x-torsion left R[x, /]-module which is 
Artinian (that is, 'cofinite' in the terminology of Hartshorne and Speiser) as an i?-module exhibits a 
certain uniformity of behaviour. 

3.13. Theorem (G. Lyubeznik 13, Proposition 4.4]). (Compare Hartshorne-Speiser Proposition 
1.11].) Suppose that (R, m) is local, and let H be a left R[x, f]-module which is Artinian as an R-module. 
Then there exists e £ No such that x e Y x {H) = 0. 

Hartshorne and Speiser first proved this result in the case where R is local and contains its residue 
field which is perfect. Lyubeznik applied his theory of F- modules to obtain the result without restriction 
on the local ring R of characteristic p. 

3.14. Definition. Suppose that (R,m) is local, and let H be a left R[x, /]-module which is Artinian 
as an i?-module. By the Hartshorne-Speiser-Lyubeznik Theorem 13.131 there exists e e No such that 
x e T x (H) = 0: we call the smallest such e the Hartshorne-Speiser-Lyubeznik number, or HSL-number 
for short, of H . 

It will be helpful to have available an extension of this idea. 

3.15. Definition. We say that the left R[x, /]-module H admits an HSL-number if there exists e € No 
such that x e T x (H) = 0; then we call the smallest such e the HSL-number of H . 

We have seen above in 13 . 1 31 and 13 . 1 41 that if H is Artinian as an R- module, then it admits an HSL- 
number. Note also that if H is Noetherian as an i?-module, then it admits an HSL-number, because 
T X (H) is an R[x, /]-submodule of H, and so is an i?-submodule and therefore finitely generated. 

3.16. Corollary. Suppose that the left R[x , f]-module H admits an HSL-number mo, and that the x- 
torsion-free left R[x, f]-module G := H/T X (H) has only finitely many G-special R-ideals. Let b be the 
smallest ideal inX(G) of positive height (see 13.12")) . For h S H, the following statements are equivalent: 

(i) h is annihilated by © n > mo b' p °^x n ; 

(ii) there exists c €E R° n b such that cx n h = for all n > mo; 

(iii) there exists c € R° n b such that cx n h = for all n» 0; 

(iv) there exists c G R° such that cx n h = for a/! n > 0. 

Proof. Since b n R° ^ by prime avoidance, it is clear that (i) => (ii), (ii) (iii) and (iii) => (iv). 

(iv) => (i) Since cx n (h + T x (H)) = in G for all n > 0, it follows from Theorem EH that h + T x (H) 
is annihilated by bR[x, /]. Therefore, for all r G b and j G No, we have rx' J ' (h + T X (H)) — 0, so that 

rx j h G T X (H) and rP m "x m °+^h = x m °rx 3 h = 0. Therefore h G ann H (© ?1>mo b^x") . □ 

4. Applications to tight closure 

The aim of this section is to apply results from Section to the theory of tight closure in the local 
ring (R, m) of dimension d > 0. As was mentioned in Section|21 we shall be concerned with the top local 
cohomology module H^(R), which has a natural structure as a left R[x, /]-module, and its x-torsion- 
free residue class module H^(R)/T. X (H^(R)). The (well-known) left R[x, /]-module structure carried 
by H^(R) is described in detail in [T2l 2.1 and 2.3], 

4.1. Reminder. Suppose that (R, m) is a local ring of dimension d > 0. The above-mentioned natural 
left R[x, /]-module structure carried by H^(R) is independent of any choice of a system of parameters 
for R. However, if one does choose a system of parameters a±, . . . , for R, then one can obtain a quite 
concrete representation of the local cohomology module H^(R) and, through this, an explicit formula 
for the effect of multiplication by the indeterminate x £ R[x, f] on an element of H*(R). 
Denote by a\, . . . , ad a system of parameters for R. 
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(i) Represent H^(R) as the d-th cohomology module of the Cech complex of R with respect to 
<xi, . . . , ad, that is, as the residue class module of R ai ...a d modulo the image, under the Cech 
complex 'differentiation' map, of ® i=1 R ai ... ai _ iai+1 ... a< f See P §5.1]. We use '[ ]' to denote 
natural images of elements of R ai ...a d in this residue class module. Note that, for i £ {1, . . . , d}, 
we have 

' = for all k £ N . 



(a\ .. -a d ) k _ 

Denote the product a\ . . . by a. A typical element of H^(R) can be represented as [r/o J 'l 
for some r £ R and j £ No; moreover, for r,r\ £ R and j,ji € No, we have [r/a J 'l = [ri/a jl ] if 
and only if there exists k £ No such that k > max-jj, ji} and a ^r—a n r\ £ (af , . . . , a d )R. In 
particular, if oi, . . . ,a<j form an /resequence (that is, if i? is Cohen-Macaulay) , then [r/a J ] = 
if and only if r £ (a[, . . . , a a )R, by |151 Theorem 3.2], for example, 
(ii) The left R[x, f] -module structure on H^(R) is such that 



r 






_ (oi . . . Od)- 7 . 




.(oi-.-ad)*. 



for all r £ R and j £ Nq. 

The reader might like to consult 12, 2.3] for more details, and should in any case note that this 
left R[x, /]-module structure does not depend on the choice of system of parameters di, . . . , a d . 

4.2. Remark. Let the situation and notation be as in l4.ll Here we relate the left R[x, /]-module structure 
on H := H^(R) described in 14.11 to the tight closure in H of its zero submodule. See Definition 
(8.2)] for the definition of the tight closure in an i?-module of one of its submodules. Let n £ No- 

(i) The n-th component Rx n of R[x, /] is isomorphic, as an (R, i?)-bimodule, to R considered as 
a left i?-module in the natural way and as a right R- module via /", the n-th power of the 
Frobenius ring homomorphism. Let L be a submodule of the R- module M. It follows that an 
element m £ M belongs to L* M , the tight closure of L in M, if and only if there exists c £ R° 
such that cx n (g) m belongs, for all n ^> 0, to the image of R[x, /] L in R[x, f] ®r M under 
the map induced by inclusion. 

(ii) Let S be a multiplicatively closed subset of R. It is straightforward to check that there is an 
isomorphism of i?-modules 



7« : Rx' 



IrS^R 



S^R 



for which 7„(&x™ (g> (r/s)) = br p / s p for all b,r £ R and s £ S; the inverse of 7„ satisfies 
(in^ir/s) = rs p "- 1 x n ® (1/s) for all r £ R and s £ S. 
(iii) Now represent H := H^(R) as the d-th cohomology module of the Cech complex of R with 
respect to the system of parameters oi, . . . , a^, as in l4.1lT ). We can use isomorphisms like that 
described in part (ii), together with the right exactness of tensor product, to see that (when we 

think of H simply as an i?-module) there is an isomorphism of i?-modules 5 n : Rx u ®rH H 
for which 



S n bx 



(Oi . . . a d y 



br p 



(oi • . . a d )3P n 



for all b,r £ R and j £ Nq. 



Thus, in terms of the natural left R[x, /]-module structure on H, we have 6 n (bx n ®K) = bx n h 
for all b £ R and h £ H. 

(iv) It thus follows that, for h £ H, we have h £ 0* H if and only if there exists c £ R° such that 
cx n h = for all n > 0. 

(v) Observe that T X {H) C 0^. 

(vi) Suppose that (R, m) is Cohen-Macaulay, and use the notation of part (iii) again; write a :— 
a%...ad- Let r £ i?, j £ No, and let h :— [r/a 3 ] in H. It follows from I4.11T ) that r £ 
((a\, . . . , a^R)* if and only if there exists c £ R° such that cx"h = for all n>0. Thus, by 
part (iv) above, r £ ((a{, . . . , a d )R)* if and only if h £ Q* H . 
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(vii) Let the situation and notation be as in part (vi) above. Then the i?-homomorphism Vj : 
Rj (a\, . . . , a 3 d )R — > H for which Vj{r' + (a\, . . . , a d )R) = [r' /a J ~\ f° r au r' £ R is & monomor- 
phism (by 14. If f)'). Furthermore, the induced homogeneous R[x, /]-homomorphism 

R[x, /] ® B Vj : R{x, /] ® R (R/{a{, a 3 d )R) — ► /] ® fl 

of graded left i?[x, /]-modules is also a monomorphism: this is because a homogeneous element 
of Ker (R[x, f] ®r Vj) must have the form r'x k eg) (1 + (aj, . . . , a d )R) for some r' £ R and 
fc € N ; since r'a; fe ® [l/a*] = 0, it follows fromlCTiii) andgUi) that r' e (a{ p ",. ■ .,a?f)R, 
so that r'x k <g> (1 + (of, . . . , a^)i?) = 0. 

4.3. Lemma. Suppose that (R, m) is a foca? ring o/ dimension d > 0; sei := H^(R) and G := 
H/T X (H). Let h £ H. Then the following statements are equivalent: 

(i) h £ 0* H ; 

(ii) h + T x {H)£0* G ; 

(hi) i/iere exists c £ R° such that cx n (h + r x (i/)) = in G for all n 3> 0; 

(iv) there exists c £ R° such that cx n (h + T X (H)) = in G for all n > 0. 

Proof. Let mo denote the HSL- number of H (see I3.14jl . 

(i) ^> (ii) This is immediate from the fact that 0^ C (T X (H))* H once it is recalled from [Sj Remark 
(8.4)] that h + T X (H) £ 0* G if and only if ft, € (T X (H))* H . 

(ii) ^> (iii) Suppose that h + T X (H) £ G , so that h £ (T X (H))^. Under the isomorphism 8 n : 

Rx n ® R H -^-> H o fOT iii') (where n £ No), the image of Rx n ® R T x (H) is mapped into r x (i7). Therefore 
there exists c £ R° such that € T X (H) for all n>0, that is, such that cx n (h + T X (H)) = in G 
for all n > 0. 

(iii) => (iv) Suppose that there exist c £ R° and no £ No such that cx n (h + T X (H)) = in G for all 
n > hq. Then, for all j £ No, we have 

x no cx 3 (h + T X (H)) = /"i^+^/i + T x (iJ)) =0 in G. 

Since G is x-torsion-free, we see that cx 3 (h + T X (H)) = for all j > 0. 

(iv) =4> (i) Suppose that there exists c £ R° such that cx n (h + T X (H)) = in G for all n > 0. Then 
cx"/i G F x (i?) for all n > 0, so that x m °ca; n /i = for all n > 0. This implies that c^ a; m ° + "/i = for 
all n > 0, so that h £ 0* H byg^iv). □ 

4.4. Definition. The weak parameter test ideal o-'(R) of R is defined to be the ideal generated by 
and all weak parameter test elements for R. (By a 'weak parameter test element' for R we mean a 
p w °-we&k parameter test element for R for some wo £ No.) 

It is easy to see that each element of <j'{R) H R° is a weak parameter test element for R. 

The next theorem is one of the main results of this paper. 

4.5. Theorem. Let (R, m) (as in 11.1)) be a Cohen- Macaulay local ring of dimension d > 0. Set 
H := H^R), a left R[x, f] -module which is Artinian as an R-module; let mo be its HSL-number (see 
HB . and let q := p m ° . 

Set G := H/T X (H), an x -torsion- free left R[x, f]-module. Bu I3.1l| and \'6.\ ! A there exists a (uniquely 
determined) smallest ideal b of height at least 1 in the set 1(G) of G-special R-ideals. 

Let c be any element of b D R°. Then c qo is a q^-weak parameter test element for R. In particular, 
R has a q^-weak parameter test element. In fact, the weak parameter test ideal cr'(R) of R satisfies 
b^ Ca'(R)£b. 

Note. It should be noted that, in Theorem l4.5l it is not assumed that R is excellent. There are examples 
of Gorenstein local rings of characteristic p which are not excellent: see [21 P- 260]. 

Proof. We have to show that, for an arbitrary parameter ideal a of R and r £ a*, we have c qo r p £ a^ p ^ 
for all n > mo- In the first part of the proof, we establish this in the case where a is an ideal q generated 
by a full system of parameters a±, . . . , for R. 
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Let r G q*, so that there exists c G R° such that cr p " G q[ p "l for all n 3> 0. Use oi, . . . , ad in the 
notation of 14. If i) for LT^(R) = H, and write a := a\ . . ■ ad- We have 5c™ [r/a] — \cr p /a?"] = in H 
for all n > 0. Set h := [r/a] G i?. Thus 5c n /i = for all n > 0. 

It therefore follows from Corollary 13 . 1 61 that h is annihilated by © ra > m b' p 'x™, so that, in partic- 
ular, c pm ° x n h = for all n > mo. Hence, in H, 

= cf x n h = for all n > mo- 

Since R is Cohen-Macaulay, we can now deduce from IP1T ) that c«°r p " G q^"l for all n > mo, as 
required (for q). 

Now let o be an arbitrary parameter ideal of R. A proper ideal in a Cohen-Macaulay local ring is a 
parameter ideal if and only if it can be generated by part of a system of parameters. In view of the first 
part of this proof, we can, and do, assume that ht a < d. There exist a system of parameters oi, . . . , a<2 
for R and an integer i G {0, . . . , d — 1} such that a = [a\, . . . , ai)R. Let r G a*. Then, for each v G N, 
we have r G ((ai, . . . , a,-, a" +1 , . . . , a^)i?)*, and, since oi, . . . , a,, a| +1 , . . . , is a system of parameters 
for i?, it follows from the first part of this proof that 

C i°rP n G ((a 1 ,...,a i ,aV +1 ,...,a v d )R)^ = (af , . . . , a f , a ^", . . . ,a v f)R for all n > m . 

Therefore, for all n > mo, 

<*r*" G fl (af ,...,af , a ^", . . . ,aS P ")i? c f| (o^+m^) = 

by Krull's Intersection Theorem. This shows that c 90 is a go _wea k parameter test element for R, so 
that, since b can be generated by elements in b n R°, it follows that b^ ' C cr'(R). 

Now let c G n R°; we suppose that c G' b and seek a contradiction. Thus b C b + i?c. Let 

L := anng (bi?[x, /]) and L' := annc((b + Rc)R[x, /]), two special annihilator submodules of the x- 
torsion-free left R[x, /]-module G. Since L corresponds to the G-special i?-ideal b, we must have V C L, 
since otherwise we would have 

(b + Rc)R[x, f] C gr-ann fl[x / ] L' = gr-ann fl[x /] L = bR[x, /]. 

Therefore there exists h G H such that /i + T X (H) is annihilated by bi?[a;, /] but not by (b + Rc)R[x, /]. 
Since ht b > 1, it follows from Lemma f4. 31 that h G 0^. 

Choose a system of parameters oi, . . . , ad for R; use a\, . . . , ad in the notation ofOIi) for H*(R) = 
H, and write a := ai . . . ad- There exist r G i? and j G No such that h = [r/a^]. Bv l4.2f viL we have r G 
((a{, . . . , a 3 d )R)*. Since c is a weak parameter test element for R, we see that cr p " G (a{ p , . . . , )R 
for all 7i ^ 0, so that cx n h = for all n>0. Thus there is some Uq G No such that cx n (h + T x (H)) = 
in G for all n > n . Therefore, for all j G No, we have 

x no cx j (h + T x (H)) =<? n °x no+: >(h + T x (H)) = 0, 

so that cx 3 (h + r x (H)) = because G is x-torsion-free. Thus h + T x (H) is annihilated by RcR[x,f] as 
well as by bR[x, /]. This is a contradiction. 

Therefore b^ C a'(R) C b, since cr'(R) can be generated by its elements that lie in □ 

Use i?' to denote R (as in ll.l[) regarded as an i?-module by means of /. With this notation, / : R — ► 
R' becomes a homomorphism of i?-modules. Recall that, when (R, m) is a local ring of dimension d > 0, 
we say that R is F-injective precisely when the induced homomorphisms H^(f ) : H^(R) — > H^(R') 
are injective for all i = 0, . . . , d. See R. Fedder and K-i. Watanabe 5, Definition 1.7] and the ensuing 
discussion. 

4.6. Corollary. Let [R, m) be an F-injective Cohen-Macaulay local ring of dimension d > 0. The left 
R[x, f]-module H := H^(R) is x -torsion- free. By Theorem 13.121 there exists a (uniquely determined) 
smallest ideal b of height at least 1 in the set T{H) of H -special R-ideals. 

Let c be any element ofbDR . Then c is a parameter test element for R. In fact, b is the parameter 
test ideal of R (see |18l Definition 4.3]J. 



c qo r P 



{a i 



■ a d 



ai 



■ a d 
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Note. It should be noted that, in Corollary 14. 61 it is not assumed that R is excellent. 

Proof. With the notation of Theorem 14.51 the HSL-number mo of H is when R is F-injective, and 
so go = 1 and G = H in this case. By Theorem 14.51 each element c £ b n R° is a go-weak parameter 
test element for i?, that is, a parameter test element for R. Since R has a parameter test element, 
its parameter test ideal a(R) is equal to the ideal of R generated by all parameter test elements. By 
Theorem 1431 we therefore have b = C a(R) C a'{R) C b. □ 

4.7. Corollary. Let (R, m) oe an F-injective Gorenstein local ring of dimension d > 0. TTie left R[x, /]- 
module H := H^(R) is x -torsion- free. By Theorem 13.121 f/iere exists a (uniquely determined) smallest 
ideal b of height at least 1 in the set 1(H) of H -special R-ideals. 

Let c be any element of b n R° . Then c is a test element for R. In fact, b is the test ideal of R. 

Note. It should be noted that, in Corollary 14. 71 it is not assumed that R is excellent. 

Proof. This follows immediately from Corollary 14.61 once it is recalled that an F-injective Cohen- 
Macaulay local ring is reduced and that a parameter test element for a reduced Gorenstein local ring 
R of characteristic p is automatically a test element for R: see the proof of [111 Proposition 4.1]. □ 

5. Special .R-ideals and Enescu's F-stable primes 

The purpose of this section is to establish connections between the work in J^and 21 above and F. 
Enescu's F-stable primes of an F-injective Cohen-Macaulay local ring (R, m), defined in §2]. 

5.1. Notation. Throughout this section, (R, m) will be assumed to be a Cohen-Macaulay local ring 
of dimension d > 0, and we shall let ai, . . . , aj, denote a fixed system of parameters for R 7 and set 
q := (ai, . . . ,ad)R. We shall use a\,...,a,d in the notation of I4.1f i) for H := H^(R), and write 
a := ai . . . a d . 

For each b £ R, we define (following Enescu 3, Definition 1.1]) the ideal q(b) by 

q(b) := {c £ R : cb p " £ q [p " ] for all n > o} . 

(Actually, Enescu only made this definition when b ^ q; however, the right-hand side of the above 
display is equal to R when b £ q, and there is no harm in our defining q(o) to be R in this case.) In view 
of !4.1f i). the ideal q(o) is equal to the ultimate constant value of the ascending chain (b„) ne N of ideals 
of R for which © neNo b n x n = gr-ann^j^ j] R{x, f][b/a], the graded annihilator of the R[x, /]-submodule 
of H generated by [b/a]. 

Now consider the special case in which R is (also) F-injective. Then the left R[x, /]-modulc H is 
x-torsion-free, and so it follows from Lemma ll.9l that, for each b £ R, the ideal q(b) is radical and 
gr-amijj^j] R[x, f][b/a] — q(b)R[x, f]; thus q(6) is an iFspecial i?-ideal. We again follow Enescu and 
set 

Z q ,R :={q(b):b£R\q}. 

Enescu proved, in |3J Theorem 2.1], that (when (R, m) is Cohen-Macaulay and F-injective) the set of 
maximal members of Z^.r is independent of the choice of q, is finite, and consists of prime ideals. The 
next theorem shows that the set of maximal members of Z q ^R is actually equal to the set of maximal 
members oi2(H) \ {R}: we saw in Lemma |3.8I that this set consists of prime ideals, and in Corollary 
13. Ill that it is finite. 

5.2. Theorem. Let the situation and notation be as m l5.11 and suppose that the Cohen-Macaulay local 
ring (R,m) is F-injective. Then the set of maximal members of Z q ji is equal to the set of maximal 
members of 1(H) \ {R}. 

Proof. The comments in 15. II show that Z q ^ C 1(H); clearly, no member of Z^r can be equal to R. It 
is therefore sufficient for us to show that a maximal member p of 1(H) \ {R} must belong to Z q ^. 

Let L £ A(H) be the special annihilator submodule of H corresponding to p. Now H is an Artinian 
F-module: let h be a non-zero element of the socle of L. By Lemma EOl we have gr-ann^ ^ R[x, f]h = 
pR[x, /]. However, for each j £ N, we have R\l/a?} = R/(a{, . . . , a° d )R, bv l4.2r vii s |. so that 

Rom R (R/m,R[l/a j ]) Ram R (R/m,R/(a{, . . . , a? d )R) S Ext d R (R/m,R) 
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by [2 Lemma 1.2.4]. It follows that it is possible to write h in the form h = [r/a] for some r £ R, and 
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